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Momentum transport is anomalous in chiral p + ip superfluids and superconductors in the pres-
ence of textures and superflow. Using the gradient expansion of the semi-classical approximation,
we show how gauge and Galilean symmetries induce an emergent curved spacetime with torsion and
curvature for the quasirelativistic low-energy Majorana-Weyl quasiparticles. We explicitly show the
emergence of the spin-connection and curvature, in addition to torsion, using the superfluid hydro-
dynamics. The background constitutes an emergent quasirelativistic Riemann-Cartan spacetime for
the Weyl quasiparticles and they satisfy the conservation laws associated with local Lorentz sym-
metry, restricted to the plane of uniaxial anisotropy of the superfluid (or -conductor). Moreover,
we show that the anomalous Galilean momentum conservation is a consequence of the gravitational
Nieh-Yan (NY) chiral anomaly the Weyl fermions experience on the background geometry. Notably,
the NY anomaly coefficient features a non-universal ultraviolet cut-off scale Λ, with canonical di-
mensions of momentum. Comparison of the anomaly equation and the hydrodynamic equations
suggests that the value of the cut-off parameter Λ is determined by the normal state Fermi liquid
and non-relativistic uniaxial symmetry of the p-wave superfluid or superconductor.
PACS numbers:
Introduction. — Topological phases can be classified in
terms of quantum anomalies that are robust to interac-
tions and other perturbations [1–3]. Protected emergent
quasi-relativistic fermi excitations coupled to gauge fields
and geometry arise as dictated by topology and anomaly
inflow [4–6]. In particular gapless fermions with Weyl
spectrum and chiral anomalies are a recent prominent
example [7–16]. On the other hand, topological phases
and their coupling to geometry (and gravity) is currently
a rapidly advancing subject. The well-established re-
sults concern the Hall viscosity [17] and chiral central
charge [18–20] related to gravitational anomalies [21–23]
and thermal transport in quantum Hall systems, topo-
logical superfluids (SFs) and superconductors (SCs), as
well as semimetals [24–48, 66, 72, 83], the case of SFs
and SCs being especially important due to the lack of
conserved charge. Any purported topological response
of geometrical origin is necessary more subtle than that
based on gauge fields with conserved charges due to the
inherent dichotomy between topology and geometry.
Topologically protected Weyl quasiparticles arise also
in three-dimensional chiral p-wave SFs and SCs [5, 49].
As any chiral fermion in three dimensions, they suffer
from the chiral anomaly in the presence of non-trivial
background fields, now as an anomaly where momentum
is transferred from the order parameter fluctuations to
the quasiparticles [49–55],
∂tPvac +∇ ·Πvac = −∂tPqp −∇ ·Πqp 6= 0, (1)
where Pvac,qp and Πvac,qp refer, respectively, to the mo-
mentum and stress-tensor of the order parameter vac-
uum and quasiparticles. The total momentum is con-
served. The chiral anomaly (1) on vortices [56] has been
measured in the early landmark experiment [57]. Here
we show that the momentum anomaly (1) is a mani-
festation of the so-called chiral gravitational Nieh-Yan
(NY) anomaly [58–64] on emergent spacetime with tor-
sion (and curvature) coupling to the low-energy Weyl
fermions. The subtle role of this torsional anomaly term
has been debated in the literature since its discovery [65].
We show how it arises through the Galilean symmetries
and hydrodynamics of the non-relativistic system with
an explicit ultraviolet completion. Taken at face value,
the NY anomaly has therefore been experimentally ver-
ified in the late 90’s, albeit in the context of emergent
condensed matter fermions and spacetime induced by
the SF order parameter. Emergent spacetime in two-
dimensional topological SCs was recently carefully dis-
cussed in Ref. 66. Related recent work discusses emer-
gent tetrads, gauge fields and anomaly terms in Weyl SFs
[67, 68] and semimetals [69–74], without the framework
of emergent conservation laws and geometry.
Model. — We consider an equal spin pairing p-wave
SF at zero-temperature on flat Euclidean space in the
mean-field (MF) approximation [5, 77]. We comment
below how to extend our results to SCs. The action for
spinless Grassmann fermion {Ψ(x), Ψ†(x′)} = 0 is (~ =
1, summation over repeated indices)
S[Ψ,Ψ†,∆,∆†] =
∫
d4x Ψ†i∂tΨ−HMF,
HMF = ǫ(Ψ, ∂iΨ) +
1
2i
(∆iΨ†∂iΨ
† +∆∗iΨ∂iΨ). (2)
The normal state energy is ǫ(Ψ, ∂iΨ) =
∂iΨ
†∂iΨ
2m −µFΨ
†Ψ,
where m is the constituent mass, µF = p
2
F /2m is the
fixed normal state Fermi level. The complex vector field
∆i(x) ∝ 12i〈Ψ∂iΨ〉 is the MF gap amplitude. For the
2spinless chiral p + ip-wave SF ∆i = ei1 − ie
i
2 = c⊥(eˆ1 −
ieˆ2)
i = ∆0pF (mˆ − inˆ)
i. The unit vector eˆ3 = eˆ1 × eˆ2 = lˆ
is the axis of orbital angular momentum of the Cooper
pairs. The dynamics of the SF free-energy is ignored,
∆0 is fixed and ∆(x),∆
†(x) represent given background
fields. See the Supplementary Materials (SM) for more
details on the model. We will ignore Fermi liquid cor-
rections [77] for simplicity as we expect that these will
not affect the arguments which are based on the symme-
tries, hydrodynamics and anomalies of the system. For
SCs, we substitute, µ → µ + A0 and ∂i → ∂i + iAi in
ǫ(Ψ, ∂iΨ), where Aµ is the electromagnetic potential.
Symmetries and Galilean transformations. — The un-
broken continuous symmetries of the normal Fermi liquid
state are U(1)N × R
3 × SO(3)L. The translations and
rotations R3 × SO(3)L form a subgroup of the Galilean
group. The symmetries are broken to the combined gauge
symmetry U(1)N/2+L3 [75]. In addition, time-reversal
symmetry is broken allowing for the emergence of Weyl
quasiparticles.
The global U(1)N symmetry act as Ψ(x) →
e−iαΨ(x), ∆i(x) → e−2iα∆i(x) and leads to the con-
servation law ∂µJ
µ = −∆iΨ†∂iΨ
† + ∆∗iΨ∂iΨ, where
Jµ = (ρ, J i) = (Ψ†Ψ, i2m [∂iΨ
†Ψ−Ψ†∂iΨ]) is the normal
state current. A Galilean translation is x′ = x+ vst and
t′ = t. In terms of SF velocity vs and chemical potential
µm, we transform [77, 86]
Ψ(x)→ Ψ′(x′) = e−i[mvs·x+
1
2
(mv2s−2µm)t]Ψ(x+ vst, t),
∆(x)→ e−i[2mvs·x+(mv
2
s−2µm)t]∆(x+ vst, t). (3)
The U(1)N gauge transformations and the Galilean
transformations are not independent, if we allow for co-
ordinate dependent transformation parameters. Taking
an infinitesimal constant velocity, the action changes in
the transformed comoving frame (c.m.f.) with Ψ′(x′), as
δSc.m.f.[vs, µm] =
∫
d4x mvs · J
i − µmρ+O(v
2
s). (4)
Equivalently ∂µΨ → (∂µ − imvµ)Ψ, where vµ =
(−µm/m,vs). Rotations SO(2)L3 along eˆ3 axis act
as Ψ(x) → Ψ(R−1ϕ x), ∆
i(x) → Rϕ · ∆
i(R−1ϕ x) =
e+iϕ∆i(R−1ϕ x), lˆ(x) → lˆ(R
−1
ϕ x). Using the combined
gauge symmetry U(1)N/2+L3 , the SF velocity is deter-
mined as [75]
2mvis = −eˆ1 · ∂ieˆ2 = ∂iϕ, 2µm = eˆ1 · ∂teˆ2 = −∂tϕ, (5)
where −ϕ is the rotation angle. In addition the SF ve-
locity satisfies the Mermin-Ho relations [49, 76]
∇× vs = −
κ
4π
ǫijk lˆi∇lˆj ×∇lˆk
∂tvs +∇µm = −
κ
2π
ǫijk lˆi∂t lˆj∇lˆk. (6)
where κ = h/2m is the circulation quantum. The trans-
lation symmetry corresponds to the energy-momentum
conservation law,
∂µΠ
µ
ν = ∂νL|explicit, (7)
where Πµν = −
∂L
∂(∂µΨ)
∂νΨ+ h.c. + Lδ
µ
ν . Explicitly,
Π00 = −Ψ
†i∂tΨ+ L = −HMF, (8)
Π0i = −
i
2
(Ψ†∂iΨ− ∂iΨ
†Ψ) = mJ i (9)
Πiµ = −Lδ
i
µ + v
i
s ·
i
2
(∂µΨ
†Ψ−Ψ†∂µΨ) +
∂iΨ
†∂µΨ
2m
+
∂µΨ
†∂iΨ
2m
+
1
2i
(∆iΨ†∂µΨ
† +∆∗iΨ∂µΨ). (10)
In particular, Πij is not symmetric in the plane deter-
mined by ∆i, as is well known in 3He-A [49, 66, 77]. The
combined gauge symmetry leads to the conservation of
angular momentum along eˆ3, see the SM.
Linearized comoving quasiparticle action. —We define
the Bogoliubov transformation H =
∑
s εsa
†
sas + const.
and Ψ(x) =
∑
s us(x)as + v
∗
s (x)a
†
s, where s is a gen-
eralized index in quasiparticle (particle-hole) space with
{a†s, a
′
s} = δss′ . In the ground state, quasiparticle density
〈a†sas〉 = 0. The Bogoliubov-de Gennes (BdG) quasipar-
ticles form a spinless two-component Grassman Nambu
spinor Φ(x) ∼
∑
s
(
us(x) vs(x)
)T
as, with the action
SBdG[Φ,Φ
†,∆,∆†] (11)
=
∫
d4x Φ†(x)
(
i∂t − ǫ(−i∂i)
1
2{∆
i, i∂i}
1
2{∆
∗i, i∂i} i∂t + ǫ(i∂i)
)
Φ(x).
If (us vs) is a solution to the equation of motion with
energy εs, (v
∗
−s u
∗
−s) satisfies particle-hole conjugate so-
lution ε−s = −εs. This implies the Majorana relation
τ1Φ† ∼ Φ. For homogenous state, the dispersion is
εk = ǫ(k)
2 + c2⊥k
2
⊥ = 0 and vanishes at k = ±pF lˆ. The
same BdG action applies for SCs with the replacements
∂t → ∂t−iA0τ
3, τ3ǫ(∓i∂i)→ τ
3ǫ(∓(i∂i+Ai)), where the
signs are according to eigenstates of τ3 and vµ → vµ−Aµ,
where Aµ is the electromagnetic gauge potential.
Now we consider the low-energy fermions in the pres-
ence of slowly varying order parameter texture and
Galilean transformation parameters vs(x), µm(x) in the
semiclassical approximation, see e.g. [78]. We assume
that the BdG fermions with gap & mc2⊥ have been inte-
grated out and restrict ourselves to the linear expansion
close to the Weyl nodes ±pF lˆ. The dispersion is
Φ†(x)ǫ(−i∂)Φ(x) ≈
∑
±
χ˜†±(x){
vF
2
lˆ
i(x),−i∂i}χ˜±(x)
and we neglect terms of order O(∂2χ˜), where Φ(x) =∑
± e
±ipF
∫
x
lˆ(x′)·dx′χ˜±(x) and χ˜±(x) is slowly varying
compared to pF . The order parameter vectors form the
3spatial part of an inverse tetrad e ia = {(
c⊥
c‖
)mˆ, ( c⊥c‖ )nˆ, lˆ}
with uniaxial symmetry. Further, in the presence of SF
velocity vµ = ∂µϕ = 2m(µm/m,−vs), in the semiclas-
sical approximation, the fermion transforms in the co-
moving frame as χ˜ → e−iϕτ
3/2χ˜, ei1 − ie
i
2 = ∆
i →
e−iϕ∆i = ei
′
1 −ie
i′
2 where ϕ(x) is slowly varying compared
to pF . The derivative operator transforms to τ
aieµa∂µ →
e+iϕτ
3/2[τaieµ
′
a ∂µ]e
−iϕτ3/2 = τaieµa(∂µ−
i
2∂µϕτ
3). These
coincide with local spin-1/2 Lorentz transformations in
the 12-plane, and we can attempt to associate the lin-
earized action to a non-trivial spacetime. Denoting the
Pauli matrices τa, τa = (1,±τ i) in Nambu space, veloci-
ties c‖ = vF = pF /m and c⊥ =
∆0
pF
and ∂µ = (∂t, c‖∂i),
the linearized comoving action, written in explicitly her-
mitean form, becomes
S[χ˜†, χ˜,∆, µm,vs] =
∫
d4x
1
2
(χ˜†i∂tχ˜− i∂tχ˜
†χ˜) + (µF − µm)χ˜
†τ3χ˜−
pF lˆ
i
2
χ˜†vF lˆ
iτ3χ˜ (12)
+
vF lˆ
i
2
(χ˜†τ3i∂iχ˜− i∂iχ˜
†τ3χ˜)−
1
2
(χ˜†(ei1τ
1i∂µ + e
i
2τ
2i∂µ)χ˜+ h.c.) + pF lˆ · vsχ˜
†χ˜−
vis
2
(χ˜†i∂µχ˜− i∂µχ˜
†χ˜).
Emergent Riemann-Cartan spacetime. — The action
(12) is (after a rotation of τa in the 12-plane) equiva-
lent to a relativistic chiral (right-handed) Majorana-Weyl
fermion on Riemann-Cartan spacetime [59, 79, 80], see
the SM for a review of Rieman-Cartan spacetimes and
our conventions on relativistic fermions,
SWeyl[χ, χ
†, e, ω] =
1
2
∫
ed4x χ†τaeµa i
→
Dµχ+ h.c. (13)
with the identifications χ = e−1/2χ˜, e = det eaµ =
c2‖
c2⊥
,
eµ0 = (1,−vs), e
µ
1 =
c⊥
c‖
(0, mˆ),
eµ2 =
c⊥
c‖
(0, nˆ), eµ3 = (0, lˆ) (14)
and ω12µ = 2mvsµ = 2m(−µm/m,v
i
s) = ∂µϕ. The covari-
ant derivate is
→
Dµ = ∂µ−
i
4ω
ab
µ σab, σ
ab = i2 [τ
a, τb]. Note
that the Galilean invariance requires leads both to the
shift ei0 = −v
i
s in Eq. (12), although it is O(∂
2) in the
action, and the spin-connection term ei3ω
12
i χ˜
†χ˜ ∝ pF lˆ ·vs
in Eq. (12). We have also explicitly retained the kinetic
energy density p2F /2mχ˜τ
3χ˜ in the action, which cancels
with the Fermi level µF χ˜τ
3χ˜, since altogether the term
pF lˆ
i(−visχ˜
†χ˜− 12 χ˜
†vF lˆ
iτ3χ˜) represents non-zero physical
Galilean momentum present at the Weyl node.
The Eqs. (13), (14) and the spin-connection ω12µ define
a Weyl fermion on an emergent Riemann-Cartan space-
time [59, 79], with the uniaxial metric gµν = eµae
ν
bη
ab,
eaµe
ν
a = δ
µ
ν and ∇µe
a
ν ≡ ∂µe
a
µ + ω
a
µbe
a
ν − Γ
λ
µνe
a
λ = 0.
The torsion and curvature tensors are given by T aµν =
∂µe
a
ν −∂νe
a
µ+ω
a
µbe
b
ν −ω
a
νbe
b
µ and R
12
µν = ∂µω
12
ν −∂νω
12
µ +
ω1µcω
c2
ν − ω
1
νcω
c2
µ = 2m(∂µvsν − ∂νvsµ). Although seem-
ingly pure gauge, the latter is in general non-zero by the
Mermin-Ho relations Eq. (6). This correspondence is the
first major result of the paper. See the SM for a glossary
of Riemann-Cartan spacetimes [79, 80].
Conservation laws on curved spacetime.— Now we
formulate the SF conservation laws in terms of the Weyl
fermions coupled to emergent spacetime [37, 59, 66]. The
current Jµ in terms of the quasiparticles χ˜ is ρ = χ˜†τ3χ˜,
J i = pF lˆ
iχ˜†χ˜− 12 (χ˜
†i∂iχ˜− i∂iχ˜
†χ˜). To first order in gra-
dients ∂µJ
µ, this is equal to 12 (χ˜
†(ei1τ
1i∂µ+ e
i
2τ
2i∂µ)χ˜+
h.c.). On the other hand, this equation becomes (as-
suming only ω12µ 6= 0 and e = const.)
e∂µS
µ
12 = −eT12 + eT21 (15)
in terms of the Weyl fermions [66]. Here the currents
T aµ =
1
e
δSW
δeµa
=
1
2
χ†τai
→
Dµχ−
1
2
iχ†
←
Dµτ
aχ (16)
=
1
2
(χ†τai∂µχ− i∂µχ
†τaχ) +
1
8
ωbcµ χ
†{τa, σbc}χ,
Sµab = 2
1
e
δSW
δωabµ
=
1
4
eµcχ
†{τc, σab}χ, (17)
are derived from the relativistic Weyl action Eq. (13). In
particular Sµ12 =
1
4χ
†eµa{τ
a, τ3}χ and T ab = e
µ
b T
a
µ . The
relativistic conservation law Eq. (15) follows from the
local Lorentz symmetries
δχ = −
i
4
Λabσ
abχ, δeaµ = Λ
a
be
b
µ,
δωabµ = Λ
a
cω
cb
µ + ω
ac
µ Λ
b
c − ∂µΛ
ab, (18)
which restricted to the a, b = 1, 2 plane coincide with the
Galilean transformations. Indeed the energy momentum
tensor Πµν was not symmetric either in this plane. There
is a corresponding conservation equation related to Πµν ,
linearization of which is equal to, see the SM,
Πνµ = +pF lˆ
iejνδiµ − ee
ν
aT
a
µ + ω
12
µ eS
ν
12. (19)
The spurious looking term proportional to ejµ =
χ˜†eµaτ
aχ˜ arises due to the finite momentum density at
4the node at ±pF lˆ and therefore contributes to the physi-
cal energy-momentum tensor and conservation law. The
spacetime diffeomorphisms xµ → xµ+ξµ, δeµa = ∂νξ
µeνa−
ξν∂νe
µ
a , δω
ab
µ = −∂µξ
νωabν − ξ
ν∂νω
ab
µ of the Weyl action
lead to the conservation law
∂µ(−e
µ
aT
a
ν +
1
2
ωabν S
µ
ab) = ∂νe
µ
aT
a
µ +
1
2
∂νω
ab
µ S
µ
ab. (20)
The conservation equation for the energy-momentum Eq.
(7) is then equivalent to Eq. (20) and the conserva-
tion of the quasiparticle momentum density at the node
mji = (mχ˜†χ˜, χ˜†(mvis + pF lˆ
iτ3)χ˜). Indeed, using the
BdG equation, this seems to satisfy the conservation law
∂µj
µ = 0, but this suffers from the chiral anomaly at the
quantum level implied by action (13).
Nieh-Yan anomaly. — Adding both chiralities ±pF lˆ,
the conservation law for momentum is broken since in
spite of Eq. (20), ∂µj
µ
5 = ∂µ(j
µ
+ − j
µ
−) 6= 0 at the
quantum level, i.e. the conservation law suffers from
the axial anomaly (however, the qp number is conserved
∂µ
∑
± j
µ
± = 0) and leads to the observed momentum
non-conservation Eq. (1) in the system. The gravita-
tional NY anomaly is [33, 58, 60, 62], for a chiral pair of
Weyl fermions, with ea = eaµdx
µ,
∂µ(ej
µ
5 d
4x) =
Λ2
4π2
(T a ∧ Ta − e
a ∧ eb ∧Rab), (21)
where the higher order term O(R2) is neglected. For the
p+ ip SF, the anomalous chiral Weyl action is (13) with
spacetime defined by Eq. (14). Note that although the
quasiparticles χ˜ are Majorana-Weyl contributing one-half
of Eq. (21) per node, a factor two comes from accounting
for spin degeneracy. We note that T 0 = 0 and compute
the spatial torsion contribution,
T 1 ∧ T 1+T 2 ∧ T 2 (22)
= 2(
c‖
c⊥
)2ǫ0ijk
[
(ˆl · vs)∂i lˆa − ∂ivsa
]
lˆj∂k lˆa d
4x
= 2(
c‖
c⊥
)2ǫ0ijk lˆi∂jvs · ∂k lˆ d
4x ≈ 0 +O(∂3)
where ǫ0123 = −1 and
T 3 ∧ T3 =
[
2ǫ0ijk(∂t lˆi − ∂i(vs · lˆ))∂j lˆk
]
d4x
= 2ǫ0ijk
[
(∂tlˆi − (vs · ∇)ˆli)∂j lˆk − lˆa∂ivsa∂j lˆk
]
d4x
≈ 2ǫ0ijk
[
(∂tlˆi − (vs · ∇)ˆli)∂j lˆk
]
d4x+O(∂3).
The curvature term ea ∧ eb ∧R
ab is
− 4piκ (
c‖
c⊥
)2ǫ0ijk
[
mˆinˆj(∂0vsk − ∂kvs0) (23)
+ [(mˆ · vs)nˆi − (nˆ · vs)mˆi](∂jvsk)
]
d4x
= (
c‖
c⊥
)2ǫ0ijk
[
2mˆinˆj (ˆl · ∂tlˆ× ∂k lˆ) (24)
+ (ˆl× vs)i(ˆl · ∂j lˆ× ∂k lˆ)
]
d4x.
To lowest order in gradients, we arrive to
e∂µj
µ
5 =
Λ2
2π2
e
(
1−
c2⊥
c2‖
)
ǫijk[∂t lˆi − (vs · ∇)ˆli]∂j lˆk (25)
where e = (
c‖
c⊥
)2. Matching the expression with the hy-
drodynamic anomaly [49, 54], the cut-off is Λ = ( c⊥c‖ )pF
and applies in a Weyl SF with the nodes at ±pF lˆ, such
as 3He-A, or in a Weyl SC after minimal substitution
[54, 66]. The expression is Galilean invariant and the
coefficient is proportional to the weak-coupling normal
state density ρ(pF ). This the central result of the pa-
per. The NY anomaly equation can be also derived with
simple arguments using Landau levels and spectral flow
in the case of a torsional magnetic field T 3µν [9, 33, 55].
Now the Landau levels and spectral flow couple to the
momentum and density of states at the node. In general,
the dimensional coefficient Λ is seen simply to follow from
the fact that torsion couples to momentum and that the
density of states of the anomalous chiral branches is mo-
mentum dependent. Lorentz invariance would require
that the Weyl nodes are at pµ = 0 which leads to Λ = 0
at the node. For chiral Weyl nodes with a non-zero sep-
aration 2pµ in momentum space, the coefficient of the
torsion anomaly is Λ ∝ |p| according to the spectral flow
calculation.
In condensed matter systems, however, the Weyl de-
scription of the quasiparticles and the chiral anomaly
breaks down at some cut-off scale. This is in contrast to
fundamental Weyl fermions, where the conventional chi-
ral anomalies satisfy IR-UV independence: the anomaly
is the same at each energy scale since it can be com-
puted by comparing to a theory with no anomaly sim-
ply by adding a high-energy chiral fermion that cancels
the anomaly of the original theory [22]. On the other
hand, for 3He-A the UV-completion is fully known in
terms of the Fermi-liquid theory and the anomalous SF
hydrodynamics of 3He-A [5]. In the idealized p-wave BCS
pairing model (2), the cut-off energy scale EIR = ∆ for
the SF is determined from the MF gap equation c⊥ ∼
(EUV/pF )e
−m3n/g ∼ ∆pF , where g is the δ-function inter-
action coupling constant and EUV ∼ vF pF = c‖pF the
normal state Fermi energy. The linear quasirelativistic
Weyl regime emerges when E ≪ EW = mc
2
⊥ = (
c⊥
c‖
)∆.
Therefore the uniaxial anisotropy is simply the relative
scale c⊥c‖ =
EIR
EUV
, while the linear Weyl regime is sup-
pressed by an additional factor of c⊥/c‖ compared to
EIR leading to the value of Λ =
c⊥
c‖
pF . In
3He-A, c⊥/c‖
is of the order 10−3 [77]. Remarkably, the hydrodynamic
anomaly (1) is the same as in Eq. (21) when all states
beyond the linear quasirelativistic Weyl approximation
are taken into account.
Outlook. — We have revisited the anomalous mo-
mentum transport in chiral p-wave SFs and SCs in terms
of a consistent hydrodynamic and low-energy effective
5theory description. Using the gauge and Galilean sym-
metries of the system, we have shown how the quasirel-
ativistic Weyl approximation, emergent spacetime and
symmetries appear in the semi-classical derivative ex-
pansion. The anomalous transport is a consequence of
the axial gravitational NY anomaly due to the chiral
Weyl fermions on an emergent Riemann-Cartan space-
time with torsion. We note that the early papers [10–12]
and [5, 49] treat the anomaly in terms of an axial gauge
field ∼ ±pF lˆ and the tetrad e
a
µ, leading to the require-
ment Λ = 0 in saturating the anomaly [81], in contrast
to [67, 68]. This is distinct from the emergent spacetime
(14) or considerations of other systems, where such fields
contribute only to a single anomaly [69, 70, 72].
Here we have shown that the emergent spacetime for-
mulation satisfies all the symmetries and conservation
laws of the effective field theory required for the grav-
itational NY anomaly. Interestingly, for the emergent
spacetime in Eq. (14), the anomaly coefficient seems to
vanish in the relativistic case c⊥ = c‖ but this is proba-
bly an artefact of the break-down of the (weak-coupling)
BCS model. Our findings corroborate the subtle inter-
play of broken Lorentz invariance, anisotropic dispersion,
renormalization and the NY-anomaly coefficient Λ and
should be verified by detailed field theory computations
[62, 66, 82–84]. Similarly the relation of the emergent
quasirelativistic spacetime to Newton-Cartan geometries
should be clarified [85–88]. We did not consider the dy-
namics of the SF order parameter, Goldstone modes or
vortices, orbital non-analycity [5, 49, 89] nor derive the
Wess-Zumino consistency equation and action for the chi-
ral NY anomaly. This will be a gravitational Chern-
Simons term for the tetrad and spin-connection [15, 90–
92]. The connection of emergent spacetime and thermal
transport should be explored [39, 67, 93]. These, and
other considerations extending previous results in the lit-
erature, will be left for the future.
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1Supplemental Materials: Emergent spacetime and gravitational Nieh-Yan anomaly in
chiral p+ ip Weyl superfluids and superconductors
Notations: The order parameter triad is denoted as mˆ, nˆ, lˆ = mˆ×nˆ, or as eˆ1, eˆ2, eˆ3 = eˆ1×eˆ2. We treat local relativistic
quantities with the Minkowski metric ηab = diag(1,−1,−1,−1). The antisymmetric symbol is ǫ0123 = +1 = −ǫ
0123
and the same conventions are extended to the coordinate space. Repeated latin indices are summed over with the
Euclidean metric.
SYMMETRIES AND CONSERVATION LAWS
We consider the conservation laws for a general p + ip wave superfluid. The concrete model we have in mind is
chiral 3He-A with equal spin pairing. Let Ψ(x) be a spinless fermion {Ψ(x),Ψ†(x′)} = δ(x − x′) with equal spin
pairing p-wave superfluid (SF) in flat Euclidean space. The action for Grassmann numbers {Ψ(x), Ψ†(x′)} = 0 is
S[Ψ,Ψ†] =
∫
d4x Ψ†i∂tΨ−
[
ǫ(Ψ, ∂iΨ)−
g
4
(Ψ∂iΨ)(Ψ
†∂iΨ
†)
]
. (S1)
Here the normal state energy is
ǫ(Ψ, ∂iΨ) =
∂iΨ
†∂iΨ
2m
− µΨ†Ψ (S2)
where m is the constituent mass, µ = p2F /2m is the chemical potential. In the BCS (mean-field) MF approximation
SMF[Ψ,Ψ
†,∆,∆†] =
∫
d4x Ψ†i∂tΨ−
[
ǫ(Ψ, ∂iΨ) +
1
2i
(∆iΨ†∂iΨ
† +∆∗iΨ∂iΨ)
]
+
1
g
|∆|2 . (S3)
The field ∆i(x) = g2i 〈Ψ∂iΨ〉 is the MF gap amplitude. The dynamics from the SF free-energy SSF[∆,∆
†] is ignored
for the moment and ∆(x),∆†(x) are given background fields.
From the action Eq. (S3), the equation of motion for Ψ(x) is
(i∂t + µ)Ψ +
∂2
2m
Ψ−
1
i
∆i∂iΨ
† = 0. (S4)
For the chiral p+ ip-wave SF we have
∆i = ei1 − ie
i
2 = c⊥(eˆ1 − ieˆ2)
i =
∆0
pF
(mˆ− inˆ)i, lˆ = mˆ× nˆ. (S5)
The unbroken continuous symmetries of the normal system are U(1)N × R
3 × SO(3)L, translation and rotations form
a part of the Galilean group. The global U(1)N symmetry and rotations Rφ3 around eˆ3 = eˆ1 × eˆ2 act as
Ψ(x)→ eiαΨ(x), ∆i(x)→ e2iα∆i(x), (S6)
Ψ(x)→ Ψ(R−1φ3 x), ∆
i(x)→ Rφ3 ·∆
i(R−1φ3 x) = e
−iφ3∆i(R−1φ3 x), lˆ(x)→ Rφ3 lˆ(R
−1
φ3
x). (S7)
Conservation laws
The symmetries imply conservation laws defined from the Noether currents, where under some symmetry transfor-
mations with parameter λ,
Ψ(x)→ Ψ(x) + λδλΨ(x), δλL = λ∂µJ
µ
λ , (S8)
where the Lagrangian can change by a total derivative ∂µJ
µ
λ . The current corresponding to this symmetry is, up to
the equations of motion,
jµλ =
∂L
∂(∂µΨ)
δλΨ− J
µ
λ . (S9)
2We will consider the number current Jµ corresponding to U(1)N phase transformations Eq. (??), energy-momentum
tµν corresponding to translations x
µ → xµ+aµ and angular momentum current Sµ3 corresponding to counter clockwise
rotations Rφ3 around e3 in Eq. (S7), where x
µ → xµ − φ3ǫ
tµν3xν . These currents and conservation laws are
Jµ = −i
∂L
∂(∂µΨ)
Ψ + h.c. = (Ψ†Ψ,
i
2m
(∂iΨ
†Ψ−Ψ†∂iΨ)), (S10)
∂µJ
µ = −∆iΨ†∂iΨ
† +∆∗iΨ∂iΨ, (S11)
particle number is not conserved due to the SF order. The energy-momentum current is
Πµν = −
∂L
∂(∂µΨ)
∂νΨ+ h.c. + Lδ
µ
ν , ∂µΠ
µ
ν = ∂νL|Ψ,Ψ† = ∂νµΨ
†Ψ−
1
2i
(∂ν∆
iΨ†∂iΨ
† + ∂ν∆
∗iΨ∂iΨ), (S12)
where
Π00 = −Ψ
†i∂tΨ+ L = −HMF, Π
0
i = −
i
2
(Ψ†∂iΨ− ∂iΨ
†Ψ) = mJ i (S13)
Πiµ =
∂iΨ
†∂µΨ
2m
+
∂µΨ
†∂iΨ
2m
+
1
2i
∆iΨ†∂µΨ
† +
1
2i
∆∗iΨ∂µΨ, µ 6= i, (S14)
Πii =
i
2
Ψ†
↔
∂tΨ+ µΨ
†Ψ+
∂iΨ
†∂iΨ
2m
−
∑
j 6=i
∂jΨ
†∂jΨ
2m
+
1
2i
∆jΨ†∂jΨ
† +
1
2i
∆∗jΨ∂jΨ. (S15)
Naturally the translation invariance is broken by explicit coordinate dependence in the Lagrangian. Finally, the
angular momentum is
Sµ3 = Πµν ǫ
tνλ3xλ, ∂µS
µ3 = −ǫtνλxλ∂νL+ ǫ
tνλ3Πνλ. (S16)
For the chiral p-wave SF we have ∆i = ∆0pF (e1 + ie2), and the angular momentum is not conserved, i.e. t
i
j is not
symmetric, even for constant parameters µ,∆i since, in the plane perperndicular to eˆ3,
Πij −Π
j
i = +
1
2i
(∆iΨ†∂jΨ
† −∆jΨ†∂iΨ
† + h.c.). (S17)
There is an unbroken continuous symmetry U(1)N/2+L3 , with
∂µ(
1
2
Jµ + Sµ3) =
1
2
(∆iΨ†∂iΨ
† +∆∗iΨ∂iΨ) +
1
2i
(∆1Ψ†∂2Ψ
† −∆2Ψ†∂1Ψ
† + h.c.) (S18)
=
1
2
Ψ†(∆1 + i∆2)(∂1 − i∂2)Ψ
† + h.c.. (S19)
Linearized quasiparticle action
We write Ψ(x) =
∑
s us(x)as + v
∗
s (x)a
†
s, H =
∑
s εsa
†
sas and linearize the BdG quasiparticles Φ close to the nodes
±pF lˆ as
Φ(x) =
∑
s
(
us(x)
vs(x)
)
as ≈
∑
±
eipF
∫
x
lˆ(x′)·dx′χ˜±(x) (S20)
where χ˜±(x) is slowly varying compared to pF . The energy momentum tensor Π
µ
ν in the comoving frame is composed
of the terms
Π00 = −Ψ
†i∂tΨ+ L = −HMF, Π
0
i = −
i
2
(Ψ†∂iΨ− ∂iΨ
†Ψ) = mJ i (S21)
Πiµ = v
i
s ·
i
2
(∂µΨ
†Ψ−Ψ†∂µΨ) +
∂iΨ
†∂µΨ
2m
+
∂µΨ
†∂iΨ
2m
+
1
2i
∆iΨ†∂µΨ
† +
1
2i
∆∗iΨ∂µΨ− Lδ
i
µ. (S22)
3By the equations of motion L ∼ − ∂
2
4m (Ψ
†Ψ) ≈ 0. The linearization is found from of the expansions
1
2m
(∂tΨ
†∂iΨ+ ∂iΨ
†∂tΨ) ≈
1
2
vF lˆ
i(iχ˜†τ3∂tχ˜− i∂tχ˜
†τ3χ˜), (S23)
1
2m
(∂jΨ
†∂iΨ+ ∂iΨ
†∂jΨ) ≈ pF lˆ
jχ˜†vF lˆ
iτ3χ˜−
vF lˆ
i
2
(χ˜†τ3i∂jχ˜− i∂jχ˜
†τ3χ˜) (S24)
1
2i
∆iΨ†∂µΨ
† +
1
2i
∆∗iΨ∂µΨ ≈
1
2
(χ˜†(ei1τ
1i∂µ + e
i
2τ
2i∂µ)χ˜+ h.c.) (S25)
i
2
(∂µΨ
†Ψ−Ψ†∂µΨ) = pF lˆ
jχ˜†χ˜δµj −
1
2
(χ˜†i∂µχ˜− i∂µχ˜
†χ˜). (S26)
RIEMANN-CARTAN SPACETIME
Riemann-Cartan spacetimes are spacetimes with non-zero torsion, i.e. manifolds equipped with antisymmetric
metric compatible affine connection in the tangent space. Here we provide a glossary of the relevant terms utilized in
the main text, see e.g. [33, 59, 79, 80]. The spacetime is defined by a four manifold M , tetrad field, spin-connection
and a metric compatible connection. Equivalently we can speak of the torsion and curvature on the manifold.
They both enter in the commutator of covariant derivatives
[∇µ,∇ν ]V
λ = −T ρµν∇ρV
λ +RλµνρV
ρ. (S27)
The geometric interpretation of torsion is the non-closure of infinitesimal paralleogram lifted to the tangent space,
whereas curvature corresponds to the rotation of tangent vectors along loops in the tangent space.
Alternatively eaµ(x) is the vielbein or tetrad field
gµν(x) = ηabe
a
µ(x)e
b
ν(x), e
µ
b e
a
µ = δ
a
b , (S28)
that defines an orthonormal Lorentz frame ea ≡ e
µ
a ∂µ with indices a = 0, 1, 2, 3 in the tangent space. The one-form
ea = eaµdx
µ is the dual. The Lorentz and coordinate indices are lowered with ηab and gµν respectively, and basis
transformations with eaµ and e
µ
a . The connection is defined by the different connection coefficients when taking
derivatives of mixed tensors
∇µX
a
ν ≡ ∂µX
a
ν + ω
a
µbX
b
ν − Γ
λ
µνX
a
λ (S29)
∇µX
ν
a ≡ ∂µX
ν
a − ω
b
µaX
ν
b + Γ
ν
µλX
λ
a . (S30)
where a, b are Lorentz indices and Γλµν are the connection coefficients in the tangent space coordinate basis ∂/∂x
µ.
Note that both the tetrad eaµ (i.e. the metric) and the spin-connection ω
ab
µ (or the connection Γ
λ
µν) are independent
geometric variables that enter e.g. the Dirac equation for fermions. The connection Γλµν is not independent of e
a
µ and
ωabµ , since the tetrad is defined to be covariantly constant
∇µe
a
ν = 0, ∇µe
λ
a = 0. (S31)
The spin-connection is solved as
ωaµb = e
ν
b (Γ
λ
µνe
a
λ − ∂µe
a
ν). (S32)
In addition to Eq. (S32) it follows that ωµba = −ωµab and ∇λgµν = 0 i.e. the connection is also metric compatible.
Further, without loss of generality, we have
Γλµν = Γ˚
λ
µν + C
λ
µν , ω˚ = ω(˚Γ, e) (S33)
Γ˚λµν =
1
2g
λρ(∂µgρν + ∂νgµρ − ∂ρgµν), Cλµν =
1
2 (Tλµν − Tµνλ + Tνλµ) (S34)
where Cλµν ≡ gλρC
ρ
µν is the contorsion tensor in terms of contractions of the torsion tensor Tλµν ≡ gλρT
λ
µν .
The tetrad defines a one-form field ea = eaµdx
µ and the torsion and curvature follow in differential form notation as
T a = dea + ωab ∧ e
b =
1
2
T aµνdx
µ ∧ dxν (S35)
Rab = dω
a
b + ω
a
c ∧ ω
c
b =
1
2
Raµνbdx
µ ∧ dxν . (S36)
4They satisfy the Bianchi identities
dT a + ωab ∧ T
b = Rab ∧ e
b, dRab + ω
a
c ∧R
c
b +R
a
c ∧ ω
c
b = 0. (S37)
These lead to the Nieh-Yan form as d(ea ∧ Ta) = T
a ∧ Ta − e
a ∧ eb ∧Rab [58]. Their coordinate expression are
T λµν = Γ
λ
µν − Γ
λ
νµ, R
λ
µνρ = ∂µΓ
λ
νρ + Γ
λ
µσΓ
σ
νρ − (µ↔ ν) (S38)
where Rλµνρ is the Riemann curvature tensor. Note that R˚
ab 6= Rab due to torsion. We have the identities
e−1∂µe = Γ˚
λ
µλ = Γ
λ
µλ − C
λ
µλ = Γ˚
λ
λµ = Γ
λ
λµ − T
λ
λµ (S39)
which are useful in the case of the spacetime (14) where e is constant.
RELATIVISTIC FERMIONS
We summarize our conventions on relativistic fermions on curved spaces with torsions [33, 37, 59]. Let ψ be a Dirac
fermion. Under a (local) Lorentz transformation x→ x′ = Λx, ψ transforms
ψ(x)→ ψ′(x′) = S(Λ)ψ(x) (S40)
where
Λ = e−iλabL
ab/2, Labµν = i(δ
a
µδ
b
ν − δ
a
νδ
b
µ), (S41)
S(Λ) = e−iλabσ
ab/4, σab =
i
2
[γa, γb]. (S42)
The gamma matrices in the Weyl basis are
γa =
(
σa
σa
)
, γ5 = iγ0γ1γ2γ3 =
(
−1
1
)
, {γa, γb} = 2ηab (S43)
where σµ = (1, σi) and σµ = (1,−σi) and ηab = diag(1,−1,−1,−1). The massless Dirac action is, with ψ = ψ†γ0,
SDirac =
1
2
∫
ed4x ψeµaγ
ai
→
Dµψ − ψi
←
Dµe
µ
aγ
aψ, (S44)
where
→
Dµ = ∂µ −
i
4ω
ab
µ σab and
←
Dµ = ∂µ +
i
4ω
ab
µ σab acts on the hermitean conjugate from the right. We write
ψ = (ψL ψR) with γ
5ψR,L = ±ψR,L. The gamma matrices γ
0γa = (σaL, σ
a
R) = (σ
a, σa) are block diagonal and
σ0i = (iσi, iσi) and σij = ǫijkσk. The action becomes
SWeyl =
∑
R,L
1
2
∫
ed4x ψ†R,Le
µ
aσ
a
R,Li
→
DR,LµψR,L − ψ
†
R,Li
←
DR,Lµe
µ
aσ
a
R,LψR,L. (S45)
This expression is invariant under local Lorentz transformations for which ωµ =
1
4ω
ab
µ σab is a connection, since
ωµ → S(Λ)ωµS(Λ)
−1 + S(Λ)i∂µS(Λ)
−1. (S46)
Similarly, the transformation law S(Λ)†τaS(Λ) = Λabτ
b follows from the representation in Eq. (S41).
Conservation laws on curved spaces
The conservation laws in the main text are written in a form where the (quasi)relativistic symmetries are not
manifest. Now we derive the conservation laws due to local Lorentz and spacetime diffeomorphisms. The local
Lorentz transformations
δeaµ = Λ
a
be
b
µ, δω
ab
µ = Λ
a
cω
cb
µ + ω
ac
µ Λ
b
c − ∂µΛ
ab, δχ = −
i
4
Λabσ
abχ (S47)
5which give the equation Dωµ (eS
µ
ab) = e(Tab − Tba), where D
ω
µ (eS
µ
ab) ≡ ∂µ(eS
µ
12) − ω
c
µaeS
µ
cb − ω
c
µbeS
µ
ac. This is the
covariant form of (15).
For the spacetime transformations xµ → xµ + ξµ,
δeµa = ∂νξ
µeνa − ξ
ν∂νe
µ
a = ∇νξ
µeνa − e
ν
ae
µ
b T
b
νλξ
λ + δξ·ωe
µ
a , (S48)
δωabµ = −∂µξ
νωabν − ξ
ν∂νω
ab
µ = R
ab
µνξ
ν + δξ·ωω
ab
µ (S49)
where δξ·ω is a Lorentz transformation by δΛ
ab = ξµωabµ . The conservation law is, up to local Lorentz transformations,
∇µ(e
µ
aT
a
ν ) + T
λ
µν(e
µ
aT
a
λ ) = +
1
2
RabνµS
µ
ab. (S50)
which is the covariant form of Eq. (20).
